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Abstract. Recent experimental work has suggested that electroosmotic flows (EOF)
through conical nanopores exhibit rectification in the opposite sense to the well-studied
effect of ionic current rectification. A positive bias voltage generates large EOF and
small current, while negative voltages generate small EOF and large current. Here
we systematically investigate this effect using finite-element simulations. We find
that inside the pore, the electric field and salt concentration are inversely correlated,
which leads to the inverse relationship between the magnitudes of EOF and current.
Rectification occurs when the pore is driven into states characterized by different salt
concentrations depending on the sign of the voltage. The mechanism responsible for
this behaviour is concentration polarization, which requires the pore to exhibit the
properties of permselectivity and asymmetry.
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21. Introduction
Nanopores are apertures with dimensions of a few tens to a few hundreds of nanometres
in an insulating matrix. Immersed in an electrolyte solution, they can conduct a flux
of ions and water through their interior. Modulations of this flux by electrically-driven
translocation of charged macromolecules form the basis of single-molecule resistive pulse
sensing, a major technological application of nanopores today [1, 2].
Nanopores and nanochannels are characterized by large surface-area-to-volume
ratios, and thus the transport of water and ions through these confined geometries
is strongly dependent on their surface properties [3, 4]. In particular, nanopores made
from silica or glass typically develop a negative surface charge at neutral pH [5]. When
in contact with a salt solution, the surface is screened by an electric double layer a few
nanometres thick containing mobile positive counterions. Application of a tangential
electric field results in an electric force on this screening layer. Viscous transfer of
momentum away from the surface leads to bulk fluid motion known as electroosmotic
flow (EOF) [6].
In addition to fluid flow, the screening layer affects ionic transport significantly
as the dimensions of the system are reduced. As the conductivity due to the double
layer becomes comparable to the conductivity of the pore’s lumen, the pore exhibits
permselectivity towards cations [7, 8].
In this regime of surface-governed transport, interesting effects have been observed.
As with permselective ion-exchange membranes, driving an ionic current through a
permselective pore results in concentration polarization (CP) across the pore [9]. In
order for flux balance to be achieved, the total salt concentration reduces upstream
of the permselective region, and increases downstream [10]. As the driving voltage is
increased, the upstream depletion becomes more pronounced until the supply of charge
carriers is exhausted, leading to a limiting current behaviour. At higher voltages still,
electrokinetic instabilities result in vortices which destroy the depletion region, and
conduction is recovered through the pore [9, 11].
3If an asymmetry is introduced along the axial direction of the pore, for instance by
making the pore conical in structure, the conductive properties of the pore now change
with respect to voltage reversal. This is because one polarity of the applied voltage
results in a depletion region inside the pore, while the other results in enrichment.
The pore therefore exhibits ionic current rectification, and behaves like an ionic diode
[12, 13, 14, 15].
The ionic transport properties of rectifying nanopores have been well-studied.
However, in addition to ionic current rectification, there has been recent experimental
evidence suggesting that electroosmotic flow (EOF) through conical nanopores also
exhibits interesting and partly unexpected behaviour [16, 17, 18]. In particular, EOF
has been observed to exhibit flow rectification which behaves in the opposite sense
to current rectification, i.e. large currents are correlated with small EOF, and vice
versa. The relative scarcity of studies on EOF rectification in single nanopore systems
is most likely due to difficulties in measuring the effect, as compared with ionic current
measurements.
Rectification of EOF has potentially significant consequences as it could guide the
development of nanofluidic flow rectifiers. These would play the same role in microfluidic
circuits as electronic diodes do in electrical circuits. Due to the linearity, and hence
time-reversal symmetry, of the Stokes equations governing low Reynolds number fluid
flow, engineering low Reynolds number flow rectifiers has traditionally proven to be a
challenging problem [19, 20].
In this paper, we present the results of finite-element simulations which capture
the rectification behaviour of electroosmotic flows in a nanopore. We show that the
fluxes of water and ionic current through the pore depend on the local electric field
and salt concentration. By comparing our results with simple analytic models, we
can predict the relationship between field and concentration inside the pore. Finally,
we demonstrate how concentration polarization leads to variations in these quantities,
resulting in rectification of EOF and ionic current which are intricately linked.
42. Model and Methods
Finite-element simulations have proven to be a powerful technique in the analysis
of nanopore physics [18, 21, 22, 23]. For pores with the smallest dimensions larger
than a few nm, the physics of ion and fluid transport is well-captured by classical
continuum equations. Compared to atomstic and molecular dynamics simulations,
continuum simulations can deliver accurate, quantitative results at a fraction of the
computational cost, as long as the pore dimensions are sufficiently large that coarse-
graining of molecular details is possible. We use the commercial software package
COMSOL Multiphysics 4.4 to carry out finite-element calculations.
Our simulation geometry is shown in Figure 1a. It is a 2D-axisymmetric geometry
which can be revolved about the axis AH to produce full 3D solutions. The pore has a
radius a = 7.5 nm and is embedded in a membrane of length L = 100 nm. The taper of
the pore is parameterized by an angle α. The simulation is enclosed within a box of size
d ∼ 10L, which is large enough to mimic infinity (Supplementary Information). The
membrane is modelled as a solid with permittivity r ∼ 4.2, similar to that of quartz
glass; the solution is water with permittivity r ∼ 80. The surface of the membrane
contains a constant surface charge density of σs. The constant σs approximation is
reasonable at moderate salt concentrations (∼ 100 mM) [24].
We use a free triangular mesh with a nine-level boundary layer at the surface
CDEF. The thickness of the first boundary layer is set to ∼ λD/10, where λD is the
Debye screening length, to ensure the electric double layer is adequately resolved. The
Debye length is the characteristic thickness of the electric double layer [3]. The mesh is
heavily refined inside the pore as well as near the corners C, D, E, and F (Figure 1a).
Transport through nanopores is well-described within the Poisson-Nernst-Planck-
Stokes (PNPS) formalism [3]. The electric potential φ(r) is related to the charge density
ρe(r) by the Poisson equation:
∇2φ(r) = −ρe(r)
0r
, (1)
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Figure 1. Finite-element simulations of transport through a nanopore. (a) The
simulation geometry is a 2D axisymmetric design about the axis AH. The pore is
modelled as a cone of angle α and tip diameter 2a embedded in a membrane of
thickness L whose surface CDEF contains a charge density σs. The box size d is
chosen such that it mimics infinitely large reservoirs. A voltage is applied between
two electrodes AB and HG. (b) Typical flow profiles through a pore with α = 0.1
rad for an applied voltage of V0 = +1 V. Arrows indicate flow direction, and colours
indicate flow magnitude. (c) Typical ionic flux through the pore for the same voltage.
Arrows indicate the direction of net ionic current, while colours represent the total salt
concentration. The bulk salt concentration is 2c0 = 200 mM.
6where 0 ∼ 8.85 × 10−12 Fm−1 is the permittivity of free space. The ionic flux J i of
species i is calculated using the Nernst-Planck equation:
J i = −Di∇ci(r)− Dizie
kBT
ci(r)∇φ(r) + ci(r)u(r), (2)
where Di, ci(r), and zi are the diffusion constant, concentration, and valency of species
i respectively, e ∼ 1.6×10−19 C is the elementary charge, kB ∼ 1.38×10−23 JK−1 is the
Boltzmann constant, T = 300 K the temperature, and u(r) the fluid velocity field. For
KCl, zi = ±1 and DK+ ∼ DCl− ∼ 2× 10−9 m2s−1. Finally, the fluid velocity is obtained
using the Stokes equation:
µ∇2u =∇p+ ρe(r)∇φ(r), (3)
where µ is the dynamic viscosity and p the pressure inside the fluid.
Our simulation proceeds in two steps. First, a 1D solution is obtained along the
boundary BCFG, with the boundary conditions φ = 0 at B, φ = V0 at G, surface charge
σs at C and F, and ci = c0 at B and G. This results in solutions for the electric potential
φ1D and concentrations ci,1D for both species along the boundary. The pressure p1D can
be obtained from the Stokes equation by substituting in the solution for φ1D.
In the second step, the PNPS equations are solved fully coupled in the 2D geometry
using the boundary conditions φ = 0 on AB, φ = V0 on HG, surface charge σs on CDEF,
and on AB and HG, no fluid stress, and ci = c0. The solutions φ1D, ci,1D, and p1D are
used as Dirichlet boundary conditions on BCFG. Our method is very similar to that
used in a previous study [21] to model induced-charge electroosmosis through nanopores.
We run the simulations for c0 = 100 mM, and varying V0, σs, and α. The solutions
are a set of fields φ(r), ci(r), u(r), and p(r). Typical flow fields and concentration
profiles are shown in Figure 1b and c. In order to obtain the ionic current I and flow
rate Q, we carry out the following integrals:
I = NAe
∫
S
(JK+ − JCl−) · dS (4)
Q =
∫
S
u · dS, (5)
7where S is the surface area spanning the cross-section of the pore. For our calcuations,
we chose the location of S to be halfway through the pore. Full details of the simulation
procedure are given in the Supplementary Information.
3. Results
3.1. Rectification of ionic current and EOF
Figure 2a and b show typical variations of the ionic current and flow rate as a function
of applied voltage, for a negatively-charged pore. Linear fits about V0 = 0 are shown by
the dashed lines. For positive biases, the magnitude of the current is less than would
be expected from the linear relationship, while the magnitude of EOF is greater. The
reverse is true for negative biases. This behaviour we define as rectification, which can
be quantified by defining rectification ratios as follows:
rI =
∣∣∣∣I(−1V )I(+1V )
∣∣∣∣ (6)
rQ =
∣∣∣∣Q(−1V )Q(+1V )
∣∣∣∣ (7)
where the definition has been chosen to be consistent with previous literature. For a
negatively-charged pore, therefore, rI > 1 , while 0 < rQ < 1.
Figure 2c shows the current and flow rectification ratios as a function of surface
charge, for different values of taper angle. There are three main observations from these
results. First, current and flow rectification behave in the opposite sense, as observed
experimentally [17, 18]. Second, the degree of rectification depends on the surface
charge, with more highly-charged pores exhibiting greater rectification. A non-zero
surface charge is therefore a necessary condition for rectification. The final observation
is that rectification additionally requires an asymmetry such as that introduced by a
non-zero taper angle. The greater the pore’s asymmetry, the greater the rectification.
The aim of this paper is to develop an understanding of these observations.
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Figure 2. Rectification of ionic current and electroosmotic flow. (a) Squares indicate
ionic current, and the dashed line is a fit about V0 = 0 V. The current grows sublinearly
at positive voltages, and superlinearly at negative voltages. Here, α = 0.03 rad,
and c0 = 100 mM. (b) A plot of the flow rate for the same pore, showing the
rectification behaviour in the opposite sense. (c) The rectification ratio, defined as
rI = |I(−1V )/I(+1V )| for current (filled squares) and rQ = |Q(−1V )/Q(+1V )| for
the flow (open diamonds), is plotted as as function of surface charge density for different
taper angles (measured in radians). Rectification increases with surface charge, and
also with taper angle. The conditions required for rectification therefore are a non-zero
surface charge as well as a non-zero taper angle.
93.2. Comparison with analytic infinite cylinder model
0.00 0.01 0.02 0.03
0.0
0.2
0.4
0.6
0.8
1.0
T
ra
n
s
fe
re
n
c
e
Surface charge density (-C/m
2
)
0.00 0.01 0.02 0.03
0.0
0.2
0.4
0.6
0.8
1.0
+1V
-1V
-1V
+1V
T
ra
n
s
fe
re
n
c
e
Surface charge density (-C/m
2
)
0.00 0.01 0.02 0.03
-8
-4
0
4
8 +1V
-1V
F
lo
w
ra
te
(1
0
-1
7
m
3
/s
)
Surface charge density (-C/m
2
)
0.00 0.01 0.02 0.03
-4
-2
0
2
4
+1V
-1V
C
u
rr
e
n
t
(n
A
)
Surface charge density (-C/m
2
)
0.00 0.01 0.02 0.03
-8
-4
0
4
8 +1V
-1V
F
lo
w
ra
te
(1
0
-1
7
m
3
/s
)
Surface charge density (-C/m
2
)
0.00 0.01 0.02 0.03
-4
-2
0
2
4
+1V
-1V
C
u
rr
e
n
t
(n
A
)
Surface charge density (-C/m
2
)
cylinder
cone
(a) (b) (c)
TK+
TCl-
cone cone
cylinder cylinder
(d) (e) (f)
TK+
TCl-
+1V
-1V
-1V
+1V
Figure 3. Simulated flux values through the pore. (a–c) The simulated current,
flow rate, and transference through a cylindrical pore (symbols), and the analytic
calculations of the same quantities through an infinite cylinder of equal radius (solid
black lines). Quantities at positive voltages are represented by filled squares, and those
at negative voltages by open triangles. The transference for both cations (cyan) and
anions (purple) are shown; the sum of the transference is always 1. Vertical dotted
lines indicate the limit of validity of the Debye-Hu¨ckel approximation used to derive
the analytic results. (d–f) The same as above, but for a cone of α = 0.03 rad. In this
case, the magnitudes of the quantites are not preserved under voltage reversal. The
analytic calculations are now carried out for an infinite cylinder of the same effective
radius (equal to the average radius of the cone).
The factors which influence the current and flow can be understood by considering
a simple model consisting of an infinite cylindrical channel under a constant applied
electric field. For such a geometry, standard analytic solutions for the ion distribution
and EOF velocity are available under the Debye-Hu¨ckel approximation |eφ/(kBT )| ≤ 1
10
[25]. It is therefore possible to analytically determine the integrals in equations 4 and
5. For small surface charges, we obtain the following linearized expressions for ionic
current and flow rate (derivation in Supplementary Information):
I = pia2Dκ2Ez (8)
Q = −pia
2
µκ
I2(κa)
I1(κa)
Ezσs, (9)
where a is the cylinder radius, Ez the axial electric field, κ =
√
2NAe2c0/(kBT0r) is
the inverse Debye length,  = 0r, and In is the n
th-order modified Bessel function of
the first kind. The inverse Debye length κ ∝ √c0 is a parameter which characterizes
the salt concentration, and in the rest of this paper the ionic strength will be referred
to in terms of κ.
In addition, an important quantity to consider is the transference number Ti, defined
as the proportion of total current carried by an ionic species i: Ti = Ii/I. The linearized
cation transference number is given by (Supplementary Information):
TK+ =
1
2
+
1
2
[
kBT
Deµκ
(
2
κa
− I0(κa)
I1(κa)
)
− 2e
kBTκ2a
]
σs. (10)
These equations show that at small surface charges, I is independent of the surface
charge, while Q and TK+ are linear in σs. Figure 3 compares simulated values of I, Q,
and TK+ with these analytic expressions. We observe that the linearized infinite cylinder
model is an excellent approximation for the finite cylinder at small surface charges, as
expected (Figure 3a–c). As surface charge is increased, the current does not vary to first
order, while the flow rate increases linearly. The cationic transference also increases,
showing clearly the increasing permselectivity of the pore.
Once a taper angle is introduced, the infinite cylinder model still captures the
qualitative trends in I, Q, and TK+ , with one important exception: the simulated
results show that the magnitude of these quantities is no longer the same upon voltage
reversal (Figure 3d–f). At negative voltages, the magnitude of I is increased compared
to at positive voltages, while Q and TK+ are smaller.
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Equations 8, 9, and 10 suggest that the only quantities that can change upon
voltage reversal are electric field and salt concentration, since all other quantities
remain constant. Because the equations do not determine Ez and κ, requiring instead
that they are specified by other means, they cannot explicitly capture the rectification
behaviour. However, the main conclusion that can be drawn is the fact that the change
in magnitudes of I, Q, and TK+ upon voltage reversal are due to a change in electric
field and salt concentration.
3.3. Relationship between electric field and salt concentration
In order to investigate the relationship between electric field and salt concentration, we
begin by calculating the average value of these quantities over the entire volume of the
pore. Figure 4a and b show the average electric field magnitude and salt concentration
(measured in terms of the inverse Debye length κ) inside the conical pore, as a function
of surface charge, for voltages of V0 = ±1 V. Here, the difference in behaviour due
to the sign of the applied voltage becomes apparent. In Figure 4a, we see that for
a given surface charge, positive voltages result in high electric fields, while negative
voltages result in low fields. The opposite effect is true for the salt concentration:
positive voltages result in a lower salt concentration compared to negative voltages.
The variations in electric field and salt concentration are thus anti-correlated.
We can investigate the dependence of electric field on concentration in more detail
by considering the relationship between the magnitude of flow rate and transference,
as plotted in Figure 4c. This shows that the flow is a linear function of transference.
The intuition behind this observation is that, for symmetric electrolytes with equal
mobilities, cationic transference is essentially a measure of the prevalence of cations
over anions, and hence the degree of momentum imbalance in the fluid. Without an
imbalance, i.e. for TK+ = TCl− = 0.5, there can be no net force and hence no EOF. By
12
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Figure 4. Relationship between electric field and salt concentration. (a) The average
electric field magnitude inside a conical pore with α = 0.03 rad as a function of surface
charge density. For positive biases, as charge is increased, the field magnitude increases,
while at negative voltages, the field decreases in magnitude. (b) The average salt
concentration (measured in terms of κ, the inverse Debye length) exhibits the opposite
behaviour. As charge is increased, concentration decreases at positive voltages, but
increases at negative voltages. (c) The magnitude of the flow rate is a linear function
of transference, and the slopes of the relationship at positive and negative voltages
are roughly equal. This sets a constraint for the relationship between the electric field
and salt concentration. (d) The electric field magnitude and concentration inside the
pore are anti-correlated. Negative voltages tend to drive the pore into a low field, high
concentration state, while positive voltages result in a high field, low concentration
state. The solid line is the analytic relationship expressed in equation 12.
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eliminating σs between equations 9 and 10, one obtains
Q =
pia2e
e2µ
kBT
+
(
kBT
D
) (
κa
2
I0(κa)
I1(κa)
− 1
) I2(κa)
I1(κa)
(κa)Ez
[
TK+ − 1
2
]
. (11)
The observed linear relationship in Figure 4c, and the nearly equal slopes for both
positive and negative applied voltages, indicate that the prefactor in equation 11 is
approximately constant. It is important to point out that a priori, there is no reason to
expect that the slopes should be equal upon voltage reversal. The consequence of this
observation is that the variation in electric field and salt concentration is constrained to
obey
pia2e
e2µ
kBT
+
(
kBT
D
) (
κa
2
I0(κa)
I1(κa)
− 1
) I2(κa)
I1(κa)
(κa)Ez ≈ C, (12)
where C = Q/TK+ . Figure 4d shows the electric field against salt concentration, and
the analytic relationship given by equation 12. This plot clearly shows the constraint
on the variation of electric field and salt concentration inside the pore: low fields are
correlated with high concentrations, and vice versa.
An intuitive understanding of the anti-correlated behaviour of electric field and salt
concentration can be obtained by considering Ohm’s law, which states that J = σE,
where σ is the conductivity of the solution. For a constant current, as the conductivity
reduces, the electric field increases. This would result in a constraint E ∝ κ−2, i.e. the
same as that expressed by equation 8. However, it is important to note that under
rectification conditions, the current is no longer constant. Since equation 12 takes into
account varying current as well as EOF, it is thus a more sophisticated constraint than
Ohm’s law.
3.4. The relationship between ionic current and EOF
Under situations where the constraint given by equation 12 is valid, the ionic current
and flow rate can be written down purely in terms of the salt concentration.
I = A C κI1(κa)
I2(κa)
[
1 + Ξ
(
κa
2
I0(κa)
I1(κa)
− 1
)]
(13)
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Figure 5. The variation of current and EOF with salt concentration. (a) The current
is an increasing function of salt concentration, as described by equation 13. Values
plotted here are in arbitrary units. (b) The flow rate is a decreasing function of salt
concentration, as described by equation 14.
Q = B C 1
κ2
[
1 + Ξ
(
κa
2
I0(κa)
I1(κa)
− 1
)]
, (14)
where the constants A = Deµ/(kBTa), B = −σse/(kBTa), and Ξ = (kBT )2/(De2µ).
Only one (E, κ) pair is needed to set the constant C, and hence in these expressions the
functional dependance of the electric field is removed completely.
Figure 5 shows the form of these two equations. Whereas the ionic current is
an increasing function of salt concentration, the flow rate decreases as concentration
increases. A change in salt concentration thus leads to variation of current and flow in
opposite directions.
Whilst we have described the variations of electric field and concentration in detail,
we have made no mention yet of the cause of these variations: in particular, what is
required is a mechanism which results in different concentrations inside the pore as a
function of voltage.
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Figure 6. Concentration polarization in the nanopore. (a) The variation of salt
concentration along the axis of the pore, for voltages of ±1 V applied from left to
right; vertical lines indicate the extent of the pore. An ionic current flowing through
a permselective pore results in a depletion region upstream, and an enrichment region
downstream of the pore. For a cylinder, the polarization is symmetric about the
centre of the pore. Different lines correspond to different values of surface charge
density, which is increased in equal intervals from 0 to -40 mC/m2. (b) When the pore
contains a taper angle of 0.03 rad, the CP is asymmetric with respect to the centre
of the pore. At positive voltages, the upstream depletion region is extended inside
the pore compared to the enrichment region outside. (c–d) The spatial variation in
concentration near the same conical pore (with σs = −0.03 C/m2), showing clearly
the depletion at positive voltages and enrichment at negative voltages.
16
3.5. Concentration polarization and symmetry breaking
As discussed earlier, an ionic current flowing through a permselective pore results in
a depletion region upstream, and an enrichment region downstream of the pore, an
effect called concentration polarization (CP). CP arises due to the requirements of flux
balance. Within the permselective region, the majority of the cationic flux is due to
electromigration; however, upstream of this region, the same flux is distributed between
a smaller electromigration component, and a diffusive component towards the pore.
The diffusive flux results from a concentration gradient which decreases approaching
the pore, which characterizes the upstream depletion region.
Conversely, downstream of the pore the flux is distributed between an
electromigration component and a diffusive component away from the pore, which results
from a concentration gradient decreasing away from the pore. This characterizes the
downstream enrichment region.
Electroneutrality requires that the anionic concentrations are depleted and enriched
in the same way as the cations, and thus the variation applies to the overall salt
concentration, not just that of a single species.
In a cylindrical pore, this polarization is symmetric with respect to the centre of the
pore (Figure 6a). However, by introducing a taper angle, the polarization can be made
asymmetric with respect to the direction of current flow: depletion and enrichment
regions inside the pore become much larger than the corresponding regions outside
(Figure 6b). Hence, the entire pore can be driven into a depleted, low-concentration
state under positive voltages, and a high-concentration state under negative voltages
(Figures 6c and d). This asymmetric behaviour is the origin of the rectification effects.
The final picture we have for current and flow rectification can therefore be
summarized as follows: in a permselective, conical pore, a positive voltage leads to CP
which reduces the salt concentration inside the pore. This reduction in salt concentration
puts the pore in a low-conductivity state, and hence a low ionic current flows. At
the same time, the low concentration is correlated with high electric fields and a high
17
cationic transference number, as cations form a larger proportion of the total ionic
concentration. The high electric fields and prevalence of cations over anions result in
large electroosmotic flows. The converse, when a negative voltage is applied, results in
a high conductivity, low transference, and low flow state for the pore.
Because CP is absent in a non-permselective pore, the presence of surface charge is a
necessary condition for rectification. In order to obtain asymmetric CP, an asymmetric
pore is required, which is the second necessary condition. Our model thus correctly
predicts the conditions required for rectification as presented in Figure 2c.
4. Discussion
We have presented a unified description of ionic current and electroosmotic flow
rectification. The study has been guided by analytic relations derived from an infinite
cylinder model, and is therefore valid for small surface charges, small taper angles, and
relatively large aspect ratio pores (which are long compared to their width). These
requirements have motivated the conditions we have used: surface charges of 0 to -0.03
C/m2 compare well with literature values of charges on glass and silica surfaces [5], and
are small enough that the Debye-Hu¨ckel approximation is valid for a reasonable range
of values. We have presented results for taper angles between 0–0.03 radians, which
corresponds to a maximum total opening angle of ∼ 3◦. Experimentally, conical glass
nanopores can have opening angles up to ∼ 10◦ [18]. Finally, our model describes conical
pores with a length of around 100 nm, and can be best applied to systems such as conical
glass nanopores [17]. Since typical solid-state nanopores are made in membranes with
thicknesses on the order of a few tens of nm [26], we expect effects of the membrane
outside these pores to play a more important role [18, 27], and hence our description of
the pore as a long cylinder will require modification when applied to these systems.
As the parameters vary outside these ranges, we expect a departure from linearity.
This is already exhibited in the increasing current, and sublinear growth in flow and
transference (e.g. Figure 3a–c) at high surface charges. This behaviour is due to the
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salt concentration inside the pore being effectively dominated by the ions inside the
double layer. As the pore becomes more highly charged, electroneutrality requries that
the total charge in the double layer balances the total charge on the walls, and so the
salt concentration inside the pore slowly increases beyond even the bulk values. This
leads to higher ionic current and a slower growth in the flow, as expected.
Although we have presented results for fixed pore radius and salt concentration,
an increase in either radius or salt concentration will diminish rectification effects,
as observed experimentally (e.g. [18]). This can be attributed to the decreased
permselectivity of the pore in both cases.
In the Supplementary Information, we show results for charge densities up to -0.08
C/m2 and taper angles of α = 0.5 rad, as well as the effects of varying the pore length
and radius. In this case, although the linear approximations break down, the results
preserve their qualitative properties, and we believe that as long as the system remains
free from instabilities, such as those associated with overlimiting current behaviour [11],
our conclusions will remain valid.
As mentioned earlier, it is intuitive that flow rate and transference should be
correlated, as the cationic transference measures the charge imbalance which leads to
a net force in the first place. However, the observation that the relationship between
the two quantities is linear (Figure 4c) is a stronger statement, which allows us to write
down the constraint given by equation 12. The origin and generality of this constraint
will be investigated in future work.
Finally, although in our studies the asymmetry which is responsible for rectification
is geometric, we expect that any other property which breaks the (−z → z) symmetry
of the system will lead to similar EOF rectification effects. An example would be a
spatially-varying surface charge, which has already been demonstrated to lead to current
rectification in cylindrical pores [28], as well as the closely-related effect of osmotic flow
rectification [29].
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5. Conclusions
We have carried out an investigation into the rectification of electroosmotic flows in a
conical nanopore. Like current rectification, this effect requires the pore to possess both
permselectivity and geometrical asymmetry. The flux of current and water through the
pore are determined by the electric field and salt concentration inside the pore, two
quantities which we have found to be anti-correlated. Permselectivity and asymmetry
result in the pore exhibiting concentration polarization: when a positive voltage is
applied at the wide end of the pore, the pore is driven into a low concentration state
associated with low current and high electric fields, transference, and EOF. A negative
voltage drives the pore into a high concentration state, which results in high currents
and low electric fields, transference, and EOF. The rectification of current and flow is
therefore intricately linked.
Acknowledgments
The authors wish to acknowledge Dr. Sandip Ghosal (Northwestern University) for
useful discussions in the early stage of this work, as well as Dr. Stefan Kesselheim
(University of Stuttgart) and Mao Mao (Northwestern University) for their guidance on
the COMSOL simulations. UFK and NL acknowledge funding from an ERC starting
grant, Passmembrane 261101.
References
[1] Cees Dekker. Solid-state nanopores. Nature Nanotechnology, 2(4):209–215, 2007.
[2] Meni Wanunu. Nanopores: A journey towards DNA sequencing. Physics of Life Reviews,
9(2):125–158, 2012.
[3] Reto B. Schoch, Jongyoon Han, and Philippe Renaud. Transport phenomena in nanofluidics.
Reviews of Modern Physics, 80(3):839–883, 2008.
[4] W. Sparreboom, A. van den Berg, and J. C. T. Eijkel. Principles and applications of nanofluidic
transport. Nature Nanotechnology, 4(11):713–720, 2009.
20
[5] Sven H. Behrens and David G. Grier. The charge of glass and silica surfaces. The Journal of
Chemical Physics, 115(14):6716–6721, 2001.
[6] John Happel and Howard Brenner. Low Reynolds Number Hydrodynamics, volume 1. Springer
Science and Business Media, 1983.
[7] Derek Stein, Maarten Kruithof, and Cees Dekker. Surface-Charge-Governed Ion Transport in
Nanofluidic Channels. Physical Review Letters, 93(3):035901, 2004.
[8] Lorenz J. Steinbock, Alex Lucas, Oliver Otto, and Ulrich F. Keyser. Voltage-driven transport of
ions and DNA through nanocapillaries. Electrophoresis, 33(23):3480–3487, 2012.
[9] Sung Jae Kim, Ying-Chih Wang, Jeong Hoon Lee, Hongchul Jang, and Jongyoon Han.
Concentration Polarization and Nonlinear Electrokinetic Flow near a Nanofluidic Channel.
Physical Review Letters, 99(4):044501, 2007.
[10] Thomas A. Zangle, Ali Mani, and Juan G. Santiago. Theory and experiments of concentration
polarization and ion focusing at microchannel and nanochannel interfaces. Chemical Society
Reviews, 39(3):1014–1035, 2010.
[11] I. Rubinstein and B. Zaltzman. Electro-osmotically induced convection at a permselective
membrane. Physical Review E, 62(2):2238–2251, 2000.
[12] Zuzanna Siwy and Andrzej Fulinski. A nanodevice for rectification and pumping ions. American
Journal of Physics, 72(5):567–574, 2004.
[13] Zuzanna S. Siwy. Ion-Current Rectification in Nanopores and Nanotubes with Broken Symmetry.
Advanced Functional Materials, 16(6):735–746, 2006.
[14] D. Woermann. Electrochemical transport properties of a cone-shaped nanopore: high and low
electrical conductivity states depending on the sign of an applied electrical potential difference.
Physical Chemistry Chemical Physics, 5(9):1853–1858, 2003.
[15] Dragos Constantin and Zuzanna S. Siwy. Poisson-Nernst-Planck model of ion current rectification
through a nanofluidic diode. Physical Review E, 76(4):041202, 2007.
[16] Pu Jin, Hitomi Mukaibo, Lloyd P. Horne, Gregory W. Bishop, and Charles R. Martin.
Electroosmotic Flow Rectification in Pyramidal-Pore Mica Membranes. Journal of the American
Chemical Society, 132(7):2118–2119, 2010.
[17] Nadanai Laohakunakorn, Benjamin Gollnick, Fernando Moreno-Herrero, Dirk G. A. L. Aarts, Roel
P. A. Dullens, Sandip Ghosal, and Ulrich F. Keyser. A Landau-Squire Nanojet. Nano Letters,
13(11):5141–5146, 2013.
[18] Nadanai Laohakunakorn, Vivek V. Thacker, Murugappan Muthukumar, and Ulrich F. Keyser.
Electroosmotic Flow Reversal Outside Glass Nanopores. Nano Letters, 15(1):695–702, 2015.
[19] Alex Groisman and Stephen R. Quake. A Microfluidic Rectifier: Anisotropic Flow Resistance at
21
Low Reynolds Numbers. Physical Review Letters, 92(9):094501, 2004.
[20] P. C. Sousa, F. T. Pinho, M. S. N. Oliveira, and M. A. Alves. Efficient microfluidic rectifiers for
viscoelastic fluid flow. Journal of Non-Newtonian Fluid Mechanics, 165(11):652–671, 2010.
[21] M. Mao, J. D. Sherwood, and S. Ghosal. Electro-osmotic flow through a nanopore. Journal of
Fluid Mechanics, 749:167–183, 2014.
[22] Mao Mao, Sandip Ghosal, and Guohui Hu. Hydrodynamic flow in the vicinity of a nanopore
induced by an applied voltage. Nanotechnology, 24(24):245202, 2013.
[23] Ye Ai, Mingkan Zhang, Sang W. Joo, Marcos A. Cheney, and Shizhi Qian. Effects of
Electroosmotic Flow on Ionic Current Rectification in Conical Nanopores. Journal of Physical
Chemistry C, 114(9):3883–3890, 2010.
[24] Frank H. J. van der Heyden, Derek Stein, and Cees Dekker. Streaming Currents in a Single
Nanofluidic Channel. Physical Review Letters, 95(11):116104, 2005.
[25] Murugappan Muthukumar. Polymer Translocation. CRC Press, 2011.
[26] Jiali Li, Derek Stein, Ciaran McMullan, Daniel Branton, Michael J. Aziz, and Jene A. Golovchenko.
Ion-beam sculpting at nanometre length scales. Nature, 412(6843):166–169, 2001.
[27] Choongyeop Lee, Laurent Joly, Alessandro Siria, Anne-Laure Biance, Re´my Fulcrand, and Lyde´ric
Bocquet. Large Apparent Electric Size of Solid-State Nanopores Due to Spatially Extended
Surface Conduction. Nano Letters, 12(8):4037–4044, 2012.
[28] Rohit Karnik, Chuanhua Duan, Kenneth Castelino, Hirofumi Daiguji, and Arun Majumdar.
Rectification of Ionic Current in a Nanofluidic Diode. Nano Letters, 7(3):547–551, 2007.
[29] Clara B. Picallo, Simon Gravelle, Laurent Joly, Elisabeth Charlaix, and Lyde´ric Bocquet.
Nanofluidic Osmotic Diodes: Theory and Molecular Dynamics Simulations. Physical Review
Letters, 111(24):244501, 2013.
